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Abstract. We define the algebraic fundamental group functor of a 
reductive group scheme over an arbitrary (non-empty) base scheme and 
' prove that this functor is exact. 
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1. Introduction 



In this paper (which is an expanded version of |Bo2] ) we define the al- 
gebraic fundamental group vri(G) of a reductive group scheme G over an 
arbitrary non-empty base scheme S, thereby extending the definitions given 
by Merkurjev [Mej . the first-named author |Bolj . Colliot-Thelene [CTj and 
the second-named author [GAlj . Further, we prove that the functor vri 
defined here is exact, thus generalizing results of Borovoi, Kunyavskii and 
Gille [HK G], Co lliot-Thelene [CT] and the second-named author [Gil] . We 
QQ ' note that [GAlj makes use of fiasque resolutions of reductive group schemes 

! (introduced by Colliot-Thelene [CTj over a field) , which exist only over a re- 

stricted class of base schemes. In this paper we introduce t-resolutions (see 
. Definition 12.11 below), which exist over any non-empty base scheme. This 

I enables us to work at the level of generality stated in the title. 

The plan of the paper is as follows. In the remainder of this Section we 
introduce relevant notation. In Section 2 we use t-resolutions to define a 
finitely generated twisted constant 5-group scheme vri(G) associated to any 
K> ■ reductive S'-group scheme G. In Section 3 we associate to a homomorphism 

i x: Gi — )• G2 of reductive S-group schemes a homomorphism : 7ri(Gi) — > 

7ri(G2) of finitely generated twisted constant S-group schemes and show that 
the resulting functor is exact. In Section 4 we apply the results of Sections 
2 and 3 to abelian cohomology of reductive 5-group schemes. 

Notation. Throughout this paper, S is a non-empty scheme and all S- 
group schemes are of finite type. An 5'-group scheme G is called reductive 
(respectively, semisimple, simply connected) if it is affine and smooth over S 
and its geometric fibers are connected reductive (resp., semisimple, simply 
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connected) algebraic groups jSGASnewt Exp. XIX, Definition 2.7]. If G is 
a reductive group scheme over 5, then rad(G) denotes the radical of G, 
i.e., the identity component of the center Z{G) of G, and G'^^'' denotes the 
derived group of G. Thus G^^^ is a normal semisimple subgroup scheme 
of G and G*™ := G/G'^'^^ is the largest quotient of G which is an S-torus. 
We will write G for the simply connected central cover of G*^^"^ and ^ := 
Ker[G ^ G"^""^] for the fundamental group of G'^^^ See [GUI §2] for the 
existence and basic properties of G. There exists a canonical homomorphism 
d: G ^ G which factors as G — » G'^'^^ G. In particular, Ker5 = fi and 
Cokera = G*°''. 

If X is a (commutative) finitely generated twisted constant S'-group scheme 
(see |SGA3newl Exp. X, Definition 5.1]), then X is quasi-isotrivial, i.e., there 



exists a surjective etale morphism S' S such that X Xs S' is constant. 
Further, the functors 

X^X* := Horn 5_g,(X, G„,s) and M ^ M* := Horn 5-gr(^'^, G^,s) 

are mutually quasi-inverse anti-equivalences between the categories of finitely 
generated twisted constant S'-group schemes and 5-group schemes of finite 
type and of multiplicative type |SGA3newl Exp. X, Corollary 5.9]. Further, 
M ^ M* and X ^ X* are exact functors (see |SGA3newl Exp. VIII, Theo- 
rem 3.1] and use faithfully flat descent). If G is a reductive S'-group scheme, 
its group of characters G* equals (G*°'')* (see |SGA3new] Exp. XXII, proof of 
Theorem 6.2.1(i)]). Now, if T is an 5-torus, the functor Hom g „^(Gm T) 
is represented by a (free and finitely generated) twisted constant 5-group 
scheme which is denoted by and called the group of cocharacters of T (see 



newt Exp. X, Corollary 4.5 and Theorem 5.6]). There exist a canonical 



isomorphism of free and finitely generated twisted constant S-group schemes 

(1) T* ~ (T,)^ := Rom s-sr{T,,Zs). 
A sequence 

(2) O^T ^ H ^ G ^0 

of reductive S-group schemes and S-homomorphisms is called exact if it is 
exact as a sequence of sheaves for the fppf topology on 5. In this case the 
sequence ([2|) will be called an extension of G by T. 

If G is a reductive S'-group scheme, the identity homomorphism G G 
will be denoted idc- Further, if T is an S-torus, the inversion automorphism 
T ^ T will be denoted invy. 

2. Definition of vri 

Definition 2.1. Let G be a reductive S-group scheme. A t-resolution of G 
is a central extension 

(3) l^T^H^G^l, 
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where T is an S'-torus and if is a reductive S'-group scheme such that H'^^'^ 
is simply connected. 

Remark 2.2. An argument similar to that given in [GAU proof of Proposition 
2.4] shows that H'^''' ^ G. 

Proposition 2.3. Every reductive S-group scheme admits a t-resolution. 

Proof. By |SGA3newt Exp. XXII, 6.2.3], the product in G defines a faithfully 
flat homomorphism rad(G) Xs G'^^'^ G which induces a faithfully flat 
homomorphism rad(G) x g G G. Let fxi = ker[rad(G) X5 G — > G], which 
is a finite S'-group scheme of multiplicative type contained in the center of 
rad(G) x^G (see [GAl^ proof of Proposition 3.2, p. 9]). By [Col Proposition 
B.3.8], there exist an 5-torus T and a closed immersion -0: //i ^ T. Let H 
be the pushout of y?: /xi ^ rad(G) G and ip: fii ^ T, i.e., the cokernel 
of the central embedding 

(4) {(p,mvT 011^)3: /XI ^ (rad(G) X5G) xsT. 

Then H is a reductive 5-group scheme, cf. |SGA3ne^ Exp. XXII, Corollary 
4.3.2], which fits into an exact sequence 

l^T^H^G^l, 

where T is central in H. Now, as in \CT\ proof of Proposition-Definition 3.1] 
and [GAU proof of Proposition 3.2, p. 10], there exists an embedding of G 
into H which identifies G with H'^'^^. Thus H'^'^^ is simply connected, which 
completes the proof. □ 

As in [CTl p. 93] and [GJTl (3.3)], a t-resolution 

(^) l^T^ H^G^l 

induces a "fundamental diagram" which, in turn, induces a canonical iso- 
morphism in the derived category 

(5) {Z{G)^Z{G))^{T^R), 

where R := (cf. |GAH Proposition 3.4]), and a canonical exact se- 

quence 

(6) 1^ fi^T ^ R^ G^°' 1, 

where /x is the fundamental group of G*^"^. Since /x is finite, ([6]) shows that 
the induced homomorphism 2^ — > i?* is injective. Set 

(7) 7ri(^) = Coker[r, ^ii,]. 

Thus there exists an exact sequence of (etale, finitely generated) twisted 
constant 5-group schemes 

(8) l^T^^R^^ TTi{^) 1. 
Set 

/x(-l) :=Hom5-gr(/i*,(Q/Z)5). 
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Proposition 2.4. A t-resolution ^ of a reductive S-group scheme G induces 
an exact sequence of finitely generated twisted constant S-group schemes 

1 ^ ^ 7ri(^) ^ (G*™), ^ 1. 

Proof. The proof is similar to the proof of \CT\ Proposition 6.4], using 

□ 

Definition 2.5. Let G be a reductive 5-group scheme and let 
{^') l^T'^H'^G^l 
{^) l^T ^ H ^ G 

be two f-resolutions of G. A morphism from to written 1%' — )• 
is a commutative diagram 

(9) 




where and are S-homomorphisms. Note that, if R' = {H')^°^ and 
R = H^°^, then cpn induces an S'-homomorphism (pji: R' R. 

We will say that a t-resolution of G dominates another t-resolution M 
of G if there exists a morphism — ?> 

The following lemma is well-known. 

Lemma 2.6. A morphism of complexes f:P^Q in an abelian category 
is a quasi-isomorphism if and only its cone C{f) is acyclic (i.e., has trivial 
cohomology). 

Proof. By |GMt Lemma in.3.3] there exists a short exact sequence of com- 
plexes 

(10) ^ P ^ Cyl(/) ^ G(/) ^ 0, 

where Cyl(/) is the cylinder of /. Further, the complex Cyl(/) is canonically 
isomorphic to Q in the derived category. Now the short exact sequence (|10p 
induces a cohomology exact sequence 

> H\P) H\Q) H\C{f)) W+\P) ^ ... 

from which the lemma is immediate. □ 

Lemma 2.7. Let g: C ^ D he a quasi-isomorphism of hounded complexes 
of split S-tori. Then the induced morphism of complexes of cocharacter S- 
group schemes g^^: ^ is a quasi-isomorphism. 

Proof. Since the assertion is local in the etale topology, we may and do 
assume that S is connected. The given quasi-isomorphism induces a quasi- 
isomorphism g* : D* G* of bounded complexes of free and finitely gen- 
erated constant S'-group schemes. Thus, by ([T]), it suffices to check that 
the functor X i-^ on the category of bounded complexes of free and 
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finitely generated constant 5- group schemes preserves quasi-isomorphisms. 
We thank Joseph Bernstein for the following argument. By Lemma 12.61 a 
morphism / : P — )• Q of bounded complexes in the (abelian) category of 
finitely generated constant S-group schemes is a quasi-isomorphism if and 
only if its cone C(/) is acyclic. Now, if / : P ^ Q is a quasi-isomorphism 
and P and Q are bounded complexes of free and finitely generated constant 
5-group schemes, then C{ f) is an acyclic complex of free and finitely gener- 
ated constant S'-group schemes. We see immediately that the dual complex 



Lemma 2.8. Let G be a reductive S-group scheme and let be a t- 
resolution of G which dominates another t-resolution of G. Then a 
morphism of t-resolutions (p: SM' — > S& induces an isomorphism of finitely 
generated twisted constant S-group schemes 7ri(i^): tti{^') — > vri(^) which 
is independent of the choice of (j). 

Proof Let ^'i 1 ^ T' ^ H' ^ G ^ I and I ^ T ^ H ^ G ^ I 
be the given t-resolutions of G, as in Definition 12.51 and set R = H^°^ and 
R' = {H')^°^. Since the assertion is local in the etale topology, we may and 
do assume that the tori T,T',R and R' are split and that S is connected. 
From ([6]) we see that the morphism of complexes of split tori (in degrees 



is an isomorphism. In order to show that this isomorphism does not de- 
pend on the choice of (j), assume that ip: — > ^ is another morphism of 
t-resolutions. It is clear from diagram ([9]) that tpn differs from (pn by some 
homomorphism H' T which factors through R' = (ff')*™. It follows that 
the induced homomorphisms (ipR)*, {(pB.)*- R'* ~^ differ by a homomor- 
phism which factors through T^, . Consequently, the induced homomorphisms 



Proposition 2.9. Let x: Gi —?■ G2 be a homomorphism of reductive S- 
group schemes and let 



is acyclic, whence / 




□ 




^1(0), ^i(V') : Coker [Tj ^ R'^] Coker [T, ^ R^] 



coincide. 



□ 



(^2) 
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be t-resolutions of Gi and G2, respectively. Then there exists an exact com- 
mutative diagram 



(11) 



1 



TI >.H{ 



1 



T2 



H2 



Gi 



1 



Go 



where the middle row is a t-resolution of Gi 



Proof. We follow an idea of Kottwitz \Ko\ Proof of Lemma 2.4.4]. Let 
Hi = Hi H2, where the morphism Hi G2 is the composition Hi — >■ 
Gi G2. Clearly, there are canonical morphisms H^ — > Hi and H^ — >■ i?2- 
Now, since H2 — >• G2 is faithfully flat, so also is H^ Hi. Consequently 
the composition H^ Hi — t- Gi is faithfully flat as well. Let T^ denote its 
kernel, i.e., T-[ = S xgxH[. Then 

Ti = {Sxg, Hi) xg, H2 = TiXs{Sxg, ^2) = Ti Ts, 

which is an S-torus. The existence of diagram (jlip is now clear. Further, 
since Tj is central in Hi {i = 1,2), = Ti XsT2 is central in H^ = iJi 
The S'-group scheme H^ is affine and smooth over S and has connected 
reductive fibers, i.e., is a reductive S'-group scheme. Further, the faithfully 
flat morphism H^ — t- Gi induces a surjection (Hl)'^'^'^ — )■ Gf^'^ with (central) 
kernel T/ n (Hl)'^'^^. Since {H()'^'^'^ is semisimple, the last map is in fact a 
central isogeny. Consequently, {H{)'^^'^ — >■ H^^^^ = Gi is a central isogeny as 
well (see Remark 12. 2p . whence (Hl)'^^'^ = Gi is simply connected. Thus the 
middle row of (|lip is indeed a t-resolution of Gi . □ 

Corollary 2.10. Let Mi and M2 he two t-resolutions of a reductive S-group 
scheme G. Then there exists a t-resolution M3 of G which dominates both 
Ml andM2. 



Proof. This is immediate from Proposition 
X = idc there) . 



(with Gi = G2 



G and 

□ 



Lemma 2.11. Let Mi and M2 be two t-resolutions of a reductive S-group 
scheme G. Then there exists a canonical isomorphism of finitely generated 
twisted constant S-group schemes ■ni{Mi) = tti{M2). 



Proof. By Corollary 12.1^ there exists a t-resolution M^, of G and mor- 
phisms of resolutions M^ — > Mi and M^ — > M2. Thus, Lemma 12.81 gives 
a composite isomorphism : ■ki{Mi) ^ Tri{Ms) ^ 7ri(^2)- Let M^ 
be another t-resolution of G which dominates both Mi and M2 and let 
■0.«4 '■ T^ii^i) 7ri(^4) ^ 7ri(^2) be the corresponding composite isomor- 
phism. There exists a t-resolution M5 which dominates both M3 and M4. 
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Then =^5 dominates !M\ and ^2 and we obtain a composite isomorphism 
V'^s '■ T^ii^i) 7ri(^5) '^1(^2) ■ We have a diagram of t-resolutions 




which may not commute. However, by Lemma 12.8^ this diagram induces 
a commutative diagram of twisted constant S'-group schemes and their iso- 
morphisms 




We conclude that 

from which we deduce the existence of a canonical isomorphism tp : vri (^1 ) — ?> 
vri(^2). □ 

Definition 2.12. Let G be a reductive S'-group scheme. Using the preceding 
lemma, we will henceforth identify the 5-group schemes 'Ki{M) as Si ranges 
over the family of all t-resolutions of G. Their common value will be denoted 
by vri(G) and called the algebraic fundamental group of G. Thus 



for any t-resolution 

Note that, by ([8]) 
exact sequence 

(12) 



7ri(G) = ^i(^) 

f of G. 

a t-resolution 1 ^ T — )> 

rtor 



H ^ G ^ 1 oi G induces an 



Further, by Proposition 12.41 there exists a canonical exact sequence 

(13) 1 ^^(-1) ^7ri(G) ^ (G*™)* ^ 1. 

Remark 2.13. One can also define tti{G) using m-resolutions. By an m- 
resolution of G we mean a short exact sequence 



(^) 



1 



M ^ H ^G^l, 
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where H is a reductive 5-group scheme such that H'^'^^ is simply connected, 
and M is an 5-group scheme of multiphcative type. Clearly, a t-resolution 
of G is in particular an m-resolution of G. It is very easy to see that any 
reductive 5'-group scheme G admits an m-resolution: we can take H := 
rad(G) G, with the homomorphism H G from the beginning of the 
proof of Proposition 12.31 and set M := fii = Ker [H ^ G], which is a finite 
S'-group scheme of multiplicative type. 

Now let be an m-resolution of G and consider the induced homomor- 
phism M —7- H^°^ . We claim that there exists a complex of S'-tori T ^ R 
which is isomorphic to M — )• H^°^ in the derived category. Indeed, by |Co[ 
Proposition B.3.8] there exists an embedding M ^ T oi M into an S- 
torus T. Denote by R the pushout of the homomorphisms M — t- H^°^ and 
M ^ T. Then the complex of S'-tori T ^ R is quasi-isomorphic to the 
complex M — >■ as claimed. 

Now we choose an m-resolution =^ of G, a complex of S'-tori T R 
which is isomorphic to M — > H^°^ in the derived category, and set tti{G) = 
7Ti{^) := Coker [T, ^ R^]. 

3. FUNCTORIALITY AND EXACTNESS OF TTi 

In this section we show that vri is an exact covariant functor from the 
category of reductive S-group schemes to the category of finitely generated 
twisted constant S'-group schemes. 

Definition 3.1. Let x: Gi G2 be a homomorphism of reductive S- 
group schemes. A t-resolution of x, written x<g>: is an exact 

commutative diagram 

m 1 -Ti -Gi -1 



(^2) 1 T2 H2 G2 1, 

where and ^2 are t-resolutions of Gi and G2, respectively. 

Thus, if G is a reductive S-group scheme and and ^ are two t- 
resolutions of G, then a morphism from to ^ (as in Definition 12. 5p 
is a t-resolution of idc : G ^ G. 

Remark 3.2. A t-resolution x^: Mi ^2 of x: Gi — > G2 induces a homo- 
morphism of finitely generated twisted constant S-group schemes 

7ri(x.^): 7ri(^i) ^ ^1(^2)- 

If G3 is a third reductive S-group scheme, A : G2 ^ G3 is an S- homomorphism 
and : M2 ^3 is a t-resolution of A, then o : Mj, is a t- 

resolution of A o x and 

7ri(A.« o k£) = 7ri(A.«) o 7ri(x<^). 
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Lemma 3.3. Let x: Gi — )• G2 6e a homomorphism of reductive S -group 
schemes and let ^2 be a t-resolution 0/G2. Then there exists a t-resolution 
x<%: Ml — )• ^2 of >c for a suitable choice of t-resolution M\ of G\. In 
particular, every homomorphism of reductive S -group schemes admits a t- 
resolution. 

Proof. Choose any t-resolution M[ of Gi and apply Proposition 12.91 to x, 
^{and^2- □ 

Definition 3.4. Let x: Gi ^ G2 be a homomorphism of reductive 5-group 
schemes and let : I%[ — > M2 and x^g : ^1 — > M2 be two ^-resolutions of x. 
A morphism from x^ to xsg, written x^ — )• x^^, is a commutative diagram 



where the left-hand vertical arrow is a t-resolution of idfj^ and the right- 
hand vertical arrow is a t-resolution of idG'2 • ^ t-resolution dominating a 
t-resolution x^ of x we mean a t-resolution x^ of x admitting a morphism 



Lemma 3.5. If xag : M\ — >• M2 and x^ : M'^ — )■ M'^ are two t-resolutions of a 
morphism x: Gi — > G2, then there exists a third t-resolution x^ o/x which 
dominates both x^ and x^. 

Proof. By Corollary 12.10^ there exists a t-resolution ^2 of ^"2 which dom- 
inates both ^2 and the other hand, by Lemma 13.31 there exists a 
t-resolution x^ : — )• of ^ for a suitable choice of t-resolution of 
Gi. Now a second application of Corollary 12.101 yields a t-resolution of 
Gi which dominates ^1, ^{ and M{". Let be the correspond- 
ing morphism, which is a t-resolution of idci ■ Then x^ = x^ocj): Ml M'-l 
is a t-resolution of x which dominates both x<g> and x^. □ 

Construction 3.6. Let x: Gi — > G2 be a homomorphism of reductive S- 
group schemes. By Lemma [3.31 there exists a t-resolution x^: M\ — )• M2 
of X, which induces a homomorphism 7ri(x^) : t^\{M\) — )• vri(^2) of finitely 
generated twisted constant 5-group schemes. Thus, if we identify vri(Gi) 
with TTi(Mi) for i = 1,2, we obtain an 5-homomorphism 7ri(x^) : 7ri(Gi) — > 
71"! (G2) which, by Lemma [3. 5 1 can be shown to be independent of the chosen 
t-resolution x^ of x. We denote it by 



7ri(x): 7ri(Gi) tti{G2) 

-et Gi — 

schemes. Then 



X A 

Lemma 3.7. Let Gi — ^'G2 — s-Gs 6e homomorphisms of reductive S-group 



TTi{X o x) = vri(A) o 7ri(x). 
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Proof. Choose a t-resolution =^3 of G3 . Applying Lemma 13.31 first to A and 
then to X, we obtain t-resolutions ^±^^^2— of x and A, and the 
composition A,^ o is a t-resolution of A o x. Thus, by Remark 13.21 

7ri(A o x) = 7ri(A.^ o x^^) = 7ri(A.6^) o -iri(x^^) = vri(A) o 7ri(x), 



Summarizing, for any non-empty scheme S, we have constructed a co- 
variant functor vTi from the category of reductive 5'-group schemes to the 
category of finitely generated twisted constant 5-group schemes. When 5 is 
admissible in the sense of |GAlt Definition 2.1], so that every reductive S- 
group scheme admits a flasque resolution |GAH Proposition 3.2], the functor 
TTi defined here coincides with the functor tti defined in [GAU Definition 3.7] 
in terms of flasque resolutions, because a flasque resolution is a particular 
case of a t-resolution. A basic example of a non-admissible scheme S to 
which the constructions of the present paper apply (but not those of [GAlj) 
is an algebraic curve over a field having an ordinary double point. See [ GAlj 
Remark 2.3]. 

The following result generalizes [BKGl Lemma 3.7], \CT\ Proposition 6.8] 
and pMl Theorem 3.14]. 

Theorem 3.8. Let 1 ^ Gi G2 G3 ^ 1 be an exact sequence of 
reductive S -group schemes. Then the induced sequence of finitely generated 
twisted constant S-group schemes 



Proof. The proof is similar to the proof of |GAH Theorem 3.14] using (|13p 
above. Namely, one first proves the theorem when Gi is semisimple using 
the same arguments as in the proof of [GAl^ Lemma 3.12] (those arguments 
rely on jCxAl! Proposition 2.8], which is valid over any non-empty base 
scheme S). Secondly, one proves the theorem when Gi is an S'-torus using 
the same arguments as in the proof of |GAlt Lemma 3.13] (which rely on 
[GAll Proposition 2.9], which again holds over any non-empty base scheme 
S). Finally, the theorem is obtained by combining these two particular cases 
as in the proof of |GAH Theorem 3.14]. □ 

We will now present a second proof of Theorem 13.81 which relies on the 
etale-local existence of maximal tori in reductive /S-group schemes. To this 
end, we will first show that if G is a reductive S*- group scheme which contains 
a maximal torus T, then T canonically determines a t-resolution of G. 

Lemma 3.9. Let G be a reductive S-group scheme having a maximal S- 
torus T and let T := G XqT, which is a maximal S -torus in G. Then there 
exists a t-resolution of G 



as claimed. 



□ 



^ 7ri(Gi) ^ 7ri(G2) ^ 7ri(G3) ^ 



is exact. 



l^T ^ H ^ G 
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such that H^°'^ is canonically isomorphic to T . 

Proof. By [GAU proof of Proposition 3.2], the product in G and the canoni- 
cal epimorphism G — >■ G"^^^ induce a faithfully flat homomorphism rad(G) X5 
G ^ G whose (central) kernel /ii embeds into Z{G ) via the canonical pro- 
jection rad(G) x s G ^ G. In particular, we have a central extension 

(14) l^^i4rad(G) xsG^G^l. 



Since Z{G) C T by SGASnewl Exp. XXII, Corollary 4.1.7], we obtain an 
embedding il^: ^ T. Let H be the pushout of 99 : /ii rad(G) X5 G and 
ip: fii ^ T, i.e., the cokernel of the central embedding 

(15) {ip,mvfoip)s: /ui ^ (rad(G) XgG) x^T. 

Now let e: S ^ rad(G) X5 G be the unit section of rad(G) X5 G and set 

j = ie,idf )s: Sxsf^ (rad(G) X5 G) xs f. 

Composing j with the canonical isomorphism T S XsT,we obtain an S- 
morphism T — )• rad(G) XgG XgT which induces an embedding ij- : T ^ H. 
Further, let ttj- : H ^ G he the homomorphism which is induced by the 
projection 

rad(G) xs G X5 f ^ rad(G) X5 G. 
Then we obtain a t-resolution of G 

1 — >T ^ H G — ^ 1 

which is canonically determined by T (cf. the proof of Proposition 12. 3p . It 
remains to show that H^°^ is canonically isomorphic to T. Let Srad ■ S — )• 
rad(G) and e^: 5 — ?> T be the unit sections of rad(G) and T, respectively, 
and consider the homomorphism 

(erad,idg,e^)5: S xsG xs S ^ rad(G) X5 G x^T. 

Composing the above homomorphism with the canonical isomorphism G ~ 
S Xs G Xs S, we obtain a canonical embedding G ^ rad(G) X5 G Xg T. 
The latter map induces a homomorphism G ^ H which identifies G with 
ffder ]\Jq^ consider the composite homomorphism 

V^rad: ^i^rad(G) X5G ^ rad(G). 

Then H^""^ := H/H^^^ = H/G is isomorphic to the cokernel of the central 
embedding 

(16) (v3rad,inv^o^)5: Ml ^ rad(G) xsT. 



Compare (llSp . Finally, the canonical embedding T ^ G induces an embed- 
ding H^"' ^ G (see (fH]) and ([16])) whose image is rad(G) • (T n G'^'^0 = T 
|SGA3ne^ Exp. XXII, proof of Proposition 6.2.8(i)]. This completes the 
proof. □ 
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Remark 3.10. It is clear from the above proof that the homomorphism T — ?> 
^tor _ rp \yy f^i^Q t-resolution of Lemma 13.91 is the canonical 

homomorphism d: T ^ T. 

Definition 3.11. Let G be a reductive S'-group scheme containing a max- 
imal S-torus T. The algebraic fundamental group of the pair (G, T) is the 
S'-group scheme '/ri(G, T) := Coker [5* : T^, T*]. 

By Lemma 13.91 and Definition 12.121 we have a canonical isomorphism 

(17) : vri (G, T) ^ {Mt) = vri (G) . 

Further, any morphism of pairs k: (Gi, Ti) — )• (G2, T2) (in the obvious sense) 
induces an S-homomorphism : 7ri(Gi,ri) — )> 7ri(G2,T2). It can be shown 
that the following diagram commutes: 

(18) 7ri(Gi,Ti)^^7ri(G2,r2) 



7ri(Gi) ^7ri(G2). 

This is immediate in the case where x is a normal homomorphism, i.e. 
x(Gi) is normal in G2 (this is the only case needed in this paper). Indeed, in 
this case we have x(rad(Gi)) C rad(G2) and therefore x induces a morphism 
of t-resolutions : — > ■ See the proof of Lemma 13.91 

Remark 3.12. The preceding considerations and Lemma 12.111 show that, if 
S is an admissible scheme in the sense of [GAU Definition 2.1], so that 
every reductive S'-group scheme G admits a flasque resolution ^ , and G 
contains a maximal S-torus T, then there exists a canonical isomorphism 
7ri(^) = Coker [9^, : — )• T*]. This fact generalizes [CT', Proposition A. 2], 
which is the case 5 = Spec A;, where A; is a field, of the present remark. 

Lemma 3.13. Let 

1 ^ (Gi,ri)^(G2,r2)A(G3,r3) ^ i 

he an exact sequence of reductive S -group schemes with maximal tori. Then 
the sequence of etale, finitely generated twisted constant S-group schemes 



^ 7ri(Gi,ri)^7ri(G2,T2) A7ri(G3,T3) ^ 



is exact. 



Proof. The assertion of the lemma is local for the etale topology, so we may 
and do assume that Ti, T2, and T3 are split. By [GAU Proposition 2.10], 
there exists an exact commutative diagram of reductive S'-group schemes 

1 ^ Gi s~ G2 ^ G3 5^ 1 

di 82 <93 



1 Gi s- G2 ^ G3 ^ 1, 
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which induces an exact commutative diagram of spht S-tori 
(19) 1 fi fa fs 1 




where Ti := d xa.Ti {i = I, 2, 3). Now, as in |BK(;H Proof of Lemma 3.7], 
diagram (|19p induces an exact commutative diagram of constant S'-group 
schemes 

1 *- ^ T2* ^ T^^ ^ 1 




with injective vertical arrows. An apphcation of the snake lemma to the last 
diagram now yields the exact sequence 

— > Coker du Coker 82* — > Coker ^3* — )• 0, 

which is the assertion of the lemma. □ 

Second proof of Theorem \3.8l Let 1 — )• Gi — )• G2 — > Gs — > 1 be an exact 
sequence of reductive 5-group schemes. By |SGA3newl Exp. XIX, Proposi- 
tion 6.1], for any reductive S-group scheme G there exists an etale covering 
{Sa — ^ S}a£A such that each Gs^ ■= G xs Sa contains a split maximal 
/Scf-torus Tq,. Thus, since the assertion of the theorem is local for the etale 
topology, we may and do assume that G2 contains a split maximal 5-torus 
T2. Let Ti = Gi T2 and let T3 be the cokernel of Ti — )• Ta. Then Tj is 
a split maximal S-torus in Gi for i = 1, 2, 3 and we have an exact sequence 
of pairs 

1 ^ (Gi,Ti) ^ (G2,r2) ^ (G3,T3) ^ 1. 
Now the theorem follows from Lemma 13.131 ()17p and (llSp . □ 

4. AbELIAN COHOMOLOGY AND t-RESOLUTIONS 

Let 5fi (respectively, S^t) be the small fppf (respectively, etale) site over S. 
If Fi and F2 are abelian sheaves on 5fi (regarded as complexes concentrated 
in degree 0), Fi®^ F2 (respectively, RHom (Fi, F2)) will denote the total 
tensor product (respectively, right derived Hom functor) of -Fi and F2 in the 
derived category of the category of abelian sheaves on 5fl. 

Let G be a reductive group scheme over S. For any integer i > — 1, the i- 
th abelian (flat) cohomology group of G is by definition the hypercohomology 
group 

Hi^{S^,G)=W{S^,Z{G) % Z{G)). 
On the other hand, the z-th dual abelian cohomology group of G is the group 



TTl I Q /—t* 



r(5et,Z(G)*^Z(G)*). 
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Here all the complexes of length 2 are in degrees (—1,0). See |GAH begin- 
ning of §4] for basic properties of these cohomology groups and [Bol^ IGA2t 
IGA3] for (some of) their arithmetical applications. 

The following result is an immediate consequence of ([5]). 

Proposition 4.1. Let G be a reductive S -group scheme and let 1 ^ T ^ 
H ^ G 1 be a t-resolution of G. Then the given t-resolution de- 
fines isomorphisms Hi^{Sfi,G) ~ M^{S{i,T R) and Hi^{Set,G*) ~ 
]HI*(5^t5-R* ~^ T*), where R = H^°^ . Further, there exist exact sequences 

...^ H\S,uT) ^ H\S,t, R) ^ Hi^iSii, G) ^ W+\S,uT) ^ . . . 
and 

... ^ H'iSeuR*) ^ H'{Set,T*) ^ Hi^{Set,G*) ^ H'^\S6t,R*) ^ .... □ 

Corollary 4.2. Let G be a reductive S-group scheme. Then, for every 
integer i > — 1, there exist isomorphisms 

/7:b(5fl,G) :^ M'(5fl,^i(G) C5^G^,s) 

and 

(5ct , G* ) :^ (5,t , RHom (vri (G ) , Z5 ) ) . 

Proof. This follows from Proposition 14. 1 1 in the same way as [GAlt Corollary 
4.3] follows from jGAlj Proposition 4.2]. □ 

Proposition 4.3. Let 1 ^ Gi G2 ^ G3 —?■ 1 be an exact sequence 
of reductive S-group schemes. Then there exist exact sequences of abelian 
groups 

. . . — > I{l^{S^, Gi ) —?- Hl^{Sfi, G2) -fr*b(S'fl, G3) —?- Hl^^{S{{, Gi) . . . 
and 

■ ■ ■ ^ Hli,{Sct, G3) —?■ Hl^{Set, G2) Hl^{Sct, Gl) Hl^^{Sct, G*^) ^ — 
Proof. This follows from Corollary 14.21 and Theorem 13.81 □ 
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